Resonant optical nano-antennas are intensively studied in recent years due to their superior properties of generating strong electromagnetic field under far-field illuminations[@b1][@b2][@b3][@b4][@b5][@b6] and reciprocally, enhancing the radiation of emitters such as molecules or quantum dots in the vicinity of antennas[@b7][@b8][@b9][@b10][@b11][@b12][@b13][@b14][@b15][@b16][@b17][@b18][@b19]. Plasmonic nano-antennas are widely used in enhanced Raman scattering spectroscopy[@b20][@b21][@b22][@b23], nonlinear optical control[@b24][@b25][@b26][@b27], and single-emitter fluorescence enhancement[@b9][@b10][@b11][@b15][@b16][@b17][@b18][@b28]. Much experimental and theoretical work has been devoted to achieve an understanding of the underlying physics of resonant nano-antennas for guiding the design of relevant devices. For a simple single-wire nano-antenna, it is described as a Fabry-Pérot resonator of surface plasmon polaritons (SPPs)[@b4][@b5][@b12][@b19] for predicting the resonance frequency. The single-wire nano-antenna is also treated as an equivalent circuit composed of resistors, inductors and capacitors[@b29][@b30][@b31], and radiation or scattering features such as the resonance frequency and the extinction spectrum can be predicted. Resonant dipole antennas, which are made of two metallic nano-wires separated by a nano-gap[@b1], can achieve a much stronger enhancement effect than the single-wire antenna. Concepts of impedance and resistance are proposed for dipole antennas[@b32][@b33][@b34][@b35] for reproducing quantities such as the resonance frequency, the quantum efficiency and the enhancement of field. The dipole antennas are also modelled as one-dimensional micro-cavities[@b34][@b36], and the enhancement effect is attributed to the resonance of SPPs. In previous literatures, it is commonly believed that the enhancement effect of the antenna radiation or the associated near field is due to a resonant excitation of SPPs on the antenna arms[@b4][@b5][@b12][@b19][@b29][@b30][@b31][@b32][@b33][@b34][@b35][@b36]. This intuitive belief, which plays a central role in present antenna theories, will be checked at a quantitative level in the present work. In addition, the dynamical excitation and scattering process of SPPs in dipole antennas will be clarified.

In this work, we theoretically investigate the interaction between an electric dipole source and the dipole antenna. By considering the dynamical process that the SPP is first launched by the emitter in the nano-gap and then propagates along the antenna arms before further scattered by the arm end or the nano-gap, we build up a pure-SPP model that excludes the contribution from other surface waves to the antenna radiation. The model can comprehensively predict the electromagnetic features of the antenna radiation such as the emission rates and the far-field radiation pattern. Through the comparison between the prediction of the SPP model and fully-vectorial numerical data, we find that for dipole antennas with long arms that support higher-order resonances, the SPP imposes dominant impact on the radiation of the antenna. But for dipole antennas with short arms that support lower-order resonances, surface waves other than SPPs also contribute considerably to the antenna radiation. From the model we can derive a phase-matching condition for predicting the resonance of the antenna. Intuitive analysis is provided with the model for understanding the impact of different factors (such as the wavelength or the antenna geometrical parameters) on the antenna radiation.

Fully-vectorial numerical method
================================

The considered dipole antenna is sketched in [Fig. 1(a)](#f1){ref-type="fig"}, which is composed of two arms of gold nano-wires separated by a nano-gap (width *w*). A *z*-polarized electric dipole source, which represents the emitting molecules[@b8][@b9][@b10][@b11][@b14][@b15][@b17][@b18] or quantum dots[@b7][@b13][@b19], is put at the center of the nano-gap. The two arms have a square cross section (side length *D*) and have the same length *L*. The origin of the coordinate is set at the center of the gap. For simplicity, the antenna is put in air (refractive index *n~a~* = 1) without a substrate. The refractive index of gold (denoted by *n~m~*) for different wavelengths takes tabulated values from Ref. [@b37].

To obtain rigorous data of the radiation of the antenna, we use a fully-vectorial aperiodic Fourier modal method (a-FMM)[@b38] \[the calculation is performed with an in-house software, Liu, H. T., DIF code for modeling light diffraction in nanostructures (Nankai University, China, 2010)\]. The a-FMM is a generalized version of the well-developed rigorous coupled wave analysis (RCWA)[@b39][@b40]. RCWA has been widely used in rigorous modeling of periodic electromagnetic systems. The electromagnetic field in transverse periodic directions is discretized upon Fourier basis and the frequency-domain Maxwell\'s equations are integrated analytically along the other propagation direction. By incorporating perfectly matched layers in the transverse directions to build up artificial periodicity, the a-FMM is then applied for aperiodic systems with the same algorithm of RCWA. Some details of the a-FMM can be found in the [Supplementary Information](#s1){ref-type="supplementary-material"}.

The *z*-polarized electric point source in the nano-gap can be expressed as **J** = *δ*(*x*,*y*,*z*)**z**, with *δ* the Dirac function, and **z** the unit vector along the *z*-direction. The total emission rate (also called total decay rate) of the source is calculated with Γ~total~ = −Re\[*E~z~*(0,0,0)\]/2, where Re\[*E~z~*(0,0,0)\] is the real part of the *z*-component of electric field at the source position. The total emission rate of the dipole power further decays into non-radiative (e.g. loss as heat) and radiative (photon emission) channels. The radiative emission rate (denoted by Γ~rad~) is calculated with the integral , where *A* is a closed surface encompassing the dipole antenna, **S** is the time-averaged Poynting vector, and **n** is the out-pointing normal vector on *A*.

Pure-SPP model
==============

Here we build up a pure-SPP model by considering the dynamical launching and multiple-scattering process of SPPs on the dipole antenna. Since the size of the cross section of the antenna is much smaller than the wavelength, only the fundamental SPP mode is bounded (field decaying to null at infinity in transversal *x*- and *y*-directions) and propagative (propagation constant being almost real) on the antenna[@b41]. The field distribution of the fundamental SPP mode on the *x*-*y* cross section is shown in [Fig. 1(b)](#f1){ref-type="fig"}. In the model only the fundamental SPP mode on the antenna is considered and all other surface waves are neglected, so that comparison between the prediction of the model and fully-vectorial numerical results will show the respective contributions from SPPs and from other surface waves to the antenna radiation. Here we use the term "surface wave" to refer to a superposition of all waveguide modes on the antenna arms (see [Supplementary Information](#s1){ref-type="supplementary-material"} for the definition and calculation of waveguide modes), which includes the SPP and other surface waves (the latter, also called residual field here, is a superposition of all evanescent or radiative waveguide modes on the antenna[@b42]).

For the dipole antenna as sketched in [Fig. 1(a)](#f1){ref-type="fig"}, we use *a*~1~, *a*~2~, *b*~1~ and *b*~2~ to denote the unknown coefficients of SPPs that propagate away from and toward the nano-gap, respectively. For solving the SPP coefficients, a set of coupled-SPP equations can be written,In [Eqs. (1)](#m1){ref-type="disp-formula"}--[(4)](#m4){ref-type="disp-formula"}, *u* = exp(*ik*~0~*n*~eff~*L*) denotes the phase shift of the SPP accumulated over one antenna arm (*k*~0~ = 2π/*λ*, *n*~eff~ the complex effective index of the SPP mode, *k*~0~*n*~eff~ being the SPP propagation constant), *β* denotes the excitation coefficient of the SPP by the dipole source \[see [Fig. 1(c)](#f1){ref-type="fig"}\], *ρ* and *τ* are the elastic reflection and transmission coefficients of the SPP at the nano-gap \[[Fig. 1(d)](#f1){ref-type="fig"}\], and *r* is the reflection coefficient of the SPP mode at the antenna end[@b43] \[see [Fig. 1(e)](#f1){ref-type="fig"}\]. All these scattering coefficients, *β*, *ρ*, *τ*, *r*, can be calculated with the fully-vectoral a-FMM[@b38] that employs a stable scattering matrix algorithm[@b44] (without using any fitting process of numerical or experimental data, see [Supplementary Information](#s1){ref-type="supplementary-material"} for some details of the calculation). The equations can be understood intuitively. For [Eq. (1)](#m1){ref-type="disp-formula"}, the coefficient *a*~1~ of the left-going SPP on the left arm results from three contributions: the first one (*β*) from the direct excitation of the source in the nano-gap; the second one from the reflection (*ρ*) of the damped (*u*) right-going SPP (coefficient *b*~1~) that originates from the left end of the antenna; the third one due to the transmission (*τ*) of the damped (*u*) left-going SPP (*b*~2~) that originates from the right end of the antenna. The other equations can be understood in a similar way. Solving [Eqs. (1)](#m1){ref-type="disp-formula"}--[(4)](#m4){ref-type="disp-formula"}, we can obtain,Then the electromagnetic field in the nano-gap can be expressed as,where **E**~source~ denotes the field excited by the dipole source for infinite-length antenna \[see [Fig. 1(c)](#f1){ref-type="fig"}\], represents the field coupled from a right-going SPP into the nano-gap \[[Fig. 1(d)](#f1){ref-type="fig"}\], and is defined similarly for a left-going SPP. **E**~source~, and can be obtained via fully-vectorial calculations (see [Supplementary Information](#s1){ref-type="supplementary-material"} for some details of the fully-vectorial a-FMM). [Equation (7)](#m7){ref-type="disp-formula"} shows that the field in the gap results from three contributions: the first contribution from a direct excitation by the source; the second and the third contributions from the coupling of two counter-propagating SPPs. [Equation (7)](#m7){ref-type="disp-formula"} is valid within the tiny region of the nano-gap, which is bounded by the two gap walls in *z*-direction and roughly by the transversal size of antenna arms in *x*- and *y*-directions. With [Eq. (7)](#m7){ref-type="disp-formula"}, the total emission rate Γ~total~ = −Re\[*E~z~*(0,0,0)\]/2 is then obtained from the electric field *E~z~*(0,0,0) at the center of the gap where the source locates.

To calculate the radiative emission rate Γ~rad~ with the SPP model, the electromagnetic field in free space can be expressed as,In [Eq. (8)](#m8){ref-type="disp-formula"}, **E**~source~ denotes the field excited by the source for dipole antenna with infinite-length arms \[[Fig. 1(c)](#f1){ref-type="fig"}\]. \[[Fig. 1(d)](#f1){ref-type="fig"}\] and denote the field scattered by the nano-gap for an incident right-going or left-going SPP. \[[Fig. 1(e)](#f1){ref-type="fig"}\] and represent the field scattered by the antenna end for an incident right-going or left-going SPP. The scattered fields and can be obtained with fully-vectorial calculations, for which the incident SPP that propagates over an infinite-length nano-wire has been removed. [Equation (8)](#m8){ref-type="disp-formula"} shows that the electromagnetic field radiated into free space contains five contributions: the field directly excited by the source; the two fields scattered at the gap for two in-going SPPs (with coefficients *b*~1~ and *b*~2~); and the two fields scattered at the antenna ends for two out-going SPPs (coefficients *a*~1~ and *a*~2~). With [Eq. (8)](#m8){ref-type="disp-formula"}, Γ~rad~ is then obtained by calculating an integral of the Poynting vector over a close surface encompassing the antenna.

Comparison between fully-vectorial numerical data and model predictions
=======================================================================

We first calculate the total (Γ~total~) and radiative (Γ~rad~) emission rates for different antenna lengths *L*, which are normalized with the emission rate Γ~air~ of an electric point source in free space of air (Γ~air~ = *η*~vac~*k*~0~^2^*n~a~*/12*π*, *k*~0~ = 2π/*λ*, *n~a~* = 1 being the air refractive index, and *η*~vac~ being the wave impedance in vacuum). The results obtained with the fully-vectorial a-FMM are shown with blue circles in [Fig. 2](#f2){ref-type="fig"} for different wavelengths \[*λ* = 0.7, 1, 3 μm for [Figs. 2(a)--2(c)](#f2){ref-type="fig"}\]. The gap width is *w* = 0.03*λ* and the side length of antenna cross section is *D* = 0.04*λ*. The ratio Γ~total~/Γ~air~ is shown in the left column of [Fig. 2](#f2){ref-type="fig"}, and Γ~rad~/Γ~air~ is shown in the right column. Γ~total~ is larger than Γ~rad~ due to the energy dissipation by the lossy gold. It is seen that the emission rates are drastically enhanced (Γ~total~/Γ~air~ ≫ 1, Γ~rad~/Γ~air~ ≫ 1) for some specific values of the antenna length *L*. With the increase of the antenna length, the emission rates Γ~total~ and Γ~rad~ oscillate quasi-periodically and their peak values attenuate gradually. The attenuation of the peak values is slower for longer wavelengths.

Here we defined two radiation enhancement factors, *γ*~T~ = Γ~total~/Γ~air~ and *γ*~R~ = Γ~rad~/Γ~air~, which are of great importance related to practical applications. For instance, the enhancement factor *γ*~T~, also called Purcell Factor that characterizes the enhancement of the spontaneous emission rate[@b45], is required to achieve high values for single-photon sources used in high-speed quantum information processing[@b46]. For the fluorescence sensing of molecules, the quantum yield of fluorescence signals modified by the antenna can be expressed as[@b17][@b47], *η* = *γ*~R~/(*η*~0~^−1^ − 1 + *γ*~T~), where *η*~0~represents the intrinsic quantum yield of molecules. It is seen that for molecules with a high *η*~0~, the modified quantum yield reduces to[@b14][@b48] *η* ≈ *γ*~R~/*γ*~T~, which is defined as the antenna efficiency. While for molecules with a very low *η*~0~[@b49][@b50], there is *η* ≈ *η*~0~*γ*~R~, proportional to the enhancement factor of the radiative emission rate.

For comparison, we also calculate the total and radiative emission rates for antennas with two semi-infinite arms \[*L*→∞, sketched in [Fig. 1(c)](#f1){ref-type="fig"}\], which are denoted by Γ~total,∞~ and Γ~rad,∞~. The results are shown with the horizontal red dotted lines in [Fig. 2](#f2){ref-type="fig"}. For the infinite-length antenna, the surface waves excited by the emitter in the nano-gap will propagate away from the gap along the antenna arms without further scattering at the antenna end or the gap, thus have no contribution to the antenna radiation. Comparison between the emission rates for finite-length and infinite-length antennas will show the impact of surface waves on the antenna radiation. [Figure 2](#f2){ref-type="fig"} shows that Γ~total~ can be either higher or lower than Γ~total,∞~ for different antenna lengths, which implies that surface waves on the antenna arms can either enhance or suppress the total emission rate. However, Γ~rad~ is always higher than Γ~rad,∞~ for different antenna lengths, showing that the radiative emission rate is always enhanced by the surface waves on antenna arms.

The predictions by the SPP model are shown with black-solid curves. The horizontal dotted lines in [Fig. 2](#f2){ref-type="fig"}, which show the emission rates for infinite-length antennas (*L*→∞), correspond to the first term **E**~source~ in [Eqs. (7)](#m7){ref-type="disp-formula"} and [(8)](#m8){ref-type="disp-formula"} of the SPP model and thus exclude the contribution from surface waves on the antenna. Here we define a relative error *ε* = \|Γ~model~ − Γ~a-FMM~\|/Γ~a-FMM~ to quantify the deviation between model predictions and fully-vectorial data, where Γ~model~ and Γ~a-FMM~ represent the total or radiative emission rates obtained with the SPP model and the a-FMM, respectively. It is seen that at the first order of resonance \[peaks at *m* = 0 defined in [Eq. (9)](#m9){ref-type="disp-formula"}\], the prediction of the SPP model deviates from the data obtained with the fully-vectorial a-FMM. For instance, for wavelength *λ* = 1 μm, the deviations of total and radiative emission rates at resonance *m* = 0 are *ε*~total~ = 0.6042 and *ε*~rad~ = 1.9266, respectively. This evidences the contribution of surface waves other than SPPs to the antenna radiation. While at higher orders of resonance (peaks at *m* = 1, 2, ...), the results obtained with the SPP model agree well with the fully-vectorial a-FMM results (for *λ* = 1 μm, *ε*~total~ = 0.0094 and *ε*~rad~ = 0.0176 at resonance *m* = 1, *ε*~total~ = 0.1087 and *ε*~rad~ = 0.1048 at resonance *m* = 2). Thus for these cases only the SPP dominantly contributes to the antenna radiation.

[Equations (5)](#m5){ref-type="disp-formula"}--[(8)](#m8){ref-type="disp-formula"} of the SPP model show that Γ~total~ and Γ~rad~ reach their peak values when \|*a*\| and \|*b*\| are maximized under a phase-matching condition,where Re(*n*~eff~) denotes the real part of the complex effective index of the SPP mode, arg() denotes the argument, and *m* is an integer corresponding to different orders of resonance. The derivation of [Eq. (9)](#m9){ref-type="disp-formula"} requires the second term of the denominator of [Eqs. (5)](#m5){ref-type="disp-formula"} and [(6)](#m6){ref-type="disp-formula"} be close to 1. This is achieved in view that the elastic SPP reflection and transmission coefficients (*ρ* and *τ*) are constrained by a coherent-form energy conservation relation[@b51], and since very few energy is scattered by the nano-gap, \|*ρ* + *τ*\| is just slightly smaller than 1 (\|*ρ* + *τ*\| = 0.9674, 0.9072, 0.7709 at *λ* = 0.7, 1, 3 μm). \|*r*\| is close to 1 (\|*r*\| = 0.9558, 0.8837, 0.6782 at *λ* = 0.7, 1, 3 μm) due to the strong reflection of the SPP at the antenna end[@b43]. There is \|*u*\| = exp\[−*k*~0~Im(*n*~eff~)*L*\] ≈ 1 due to the weak damping of the propagative SPP mode over the antenna arm (*n*~eff~ = 2.3691 + 0.1066*i*, 1.4824 + 0.0352*i*, 1.0819 + 0.0108*i* for *λ* = 0.7 μm, 1 μm, 3 μm, respectively). As confirmed in [Fig. 2](#f2){ref-type="fig"}, the antenna lengths corresponding to resonance peaks are accurately predicted by [Eq. (9)](#m9){ref-type="disp-formula"} with different *m* (labeled in the figure). [Equation (9)](#m9){ref-type="disp-formula"} shows that at resonance, the phase change accumulated by the SPP that propagates back and forth over one round on the antenna is multiples of 2*π*, which obviously results in a constructive interference of the multiple-scattered SPPs. [Equation (9)](#m9){ref-type="disp-formula"} predicts the location of the localized surface plasmon resonance (LSPR) considered in literatures[@b52] and shows that the LSPR should result from a resonant excitation of SPPs on antenna arms (note that contribution of other surface waves should be considered at resonance *m* = 0). Under the phase-matching condition, *a* and *b* reach the resonance values ofwhere Im(*n*~eff~) \> 0 is the imaginary part of the effective index of SPP. Here *L*~res~ denotes the antenna length that fulfills the phase-matching condition of [Eq. (9)](#m9){ref-type="disp-formula"}, and becomes larger for higher orders of resonance (i.e. larger *m*). Thus \|*a*~res~\| and \|*b*~res~\| become smaller for higher orders of resonance due to the exponential decrease in the denominator of [Eqs. (10)](#m10){ref-type="disp-formula"} and [(11)](#m11){ref-type="disp-formula"}. Consequently, the enhancement factor becomes lower for higher-order resonances (as confirmed in [Fig. 2](#f2){ref-type="fig"}). [Figure 2](#f2){ref-type="fig"} shows that with the increase of the antenna length, the peak values of emission rates attenuate slower for longer wavelengths, which is due to the lower propagation loss of the SPP \[i.e. smaller values of Im(*n*~eff~)\].

[Figures 3(a)--3(c)](#f3){ref-type="fig"} show the near field distribution on the antenna at the first three orders of resonance \[corresponding to peaks of the emission rates in [Fig. 2](#f2){ref-type="fig"} obtained for *m* = 0, 1, 2 in [Eq. (9)](#m9){ref-type="disp-formula"} at *λ* = 1μm\]. The number of nodes of field on the antenna is shown to increase with the increase of the antenna length, which results from an interference of counter-propagating surface waves on the antenna just as shown with the SPP model.

[Figures 4(a)--4(c)](#f4){ref-type="fig"} show the far-field radiation pattern of the dipole antenna at the first three orders of resonance (*m* = 0, 1, 2 at wavelength *λ* = 1 μm). The angular distribution of the emitted power (left column in [Fig. 4](#f4){ref-type="fig"}) is obtained by calculating the modulus of the Poynting vector (i.e. energy flux density) on a circle surrounding the antenna (in the plane *x* = 0 with a radius of 5 μm). The results (red circles obtained with the a-FMM) show that with the increase of resonance orders (or the antenna length), the number of lobes of the angular emission pattern increases. The spatial distribution of the corresponding energy flux density (in *x* = 0 plane) obtained with the fully-vectorial a-FMM is shown in the middle column in [Fig. 4](#f4){ref-type="fig"}.

The far-field radiation pattern can also be calculated with [Eq. (8)](#m8){ref-type="disp-formula"} of the SPP model. The angular distribution of the emitted power obtained with the model are shown by the black-solid curves in the left column of [Fig. 4](#f4){ref-type="fig"} for different orders of resonance (*m* = 0, 1, 2). The corresponding distribution of energy flux density obtained with the model is shown in the right column of [Fig. 4](#f4){ref-type="fig"}. It is seen that at the first order of resonance (*m* = 0), the SPP model well predicts the profile of the radiation pattern but exhibits deviation in predicting the absolute values of fully-vectorial a-FMM results. This shows the contribution of surface waves other than SPPs to the antenna radiation. At higher orders of resonance, the data obtained with the SPP model agree well with the fully-vectorial results, which shows the dominant role of SPPs in the antenna radiation. This is consistent with the conclusion derived from [Fig. 2](#f2){ref-type="fig"}.

To show the impact of the width of the nano-gap on the radiation, we plot the total and radiative emission rates (Γ~total~ and Γ~rad~) as functions of the antenna length for different widths of the nano-gap. The results obtained with the fully-vectorial a-FMM are shown with blue circles in [Figs. 2(b)](#f2){ref-type="fig"} and [5(a)--5(c)](#f5){ref-type="fig"} for gap widths *w* = 30, 10, 5 and 1nm, respectively (wavelength *λ* = 1 μm). The results show that the peak values of Γ~total~ and Γ~rad~ increase rapidly with the decrease of the gap width. The horizontal dotted lines represent the emission rates for dipole antennas with infinite-length arms (denoted by Γ~total,∞~ and Γ~rad,∞~ earlier, which exclude the contribution of surface waves on the antenna). It is seen that Γ~total,∞~ and Γ~rad,∞~ also increase with the decrease of the gap width. The results obtained with the SPP model are provided with the black-solid curves. Consistent with the previous results, the prediction of the SPP model is more precise at higher orders of resonance, which reveals less pronounced contribution of surface waves other than SPPs to the antenna radiation. The peak values of the emission rates are shown to be higher for narrower gaps, which should result from larger values of SPP coefficients *a* and *b* according to [Eqs. (5)](#m5){ref-type="disp-formula"}--[(8)](#m8){ref-type="disp-formula"} of the model. With [Eqs. (10)](#m10){ref-type="disp-formula"} and [(11)](#m11){ref-type="disp-formula"}, the larger values of SPP coefficients *a*~res~ and *b*~res~ at resonance for narrower gaps may result from larger values of *β* and \|*ρ* + *τ*\| that depend on the gap width \[note that *L*~res~ hardly changes with the gap width, as shown in [Figs. 5(a)--5(c)](#f5){ref-type="fig"}\]. This is confirmed by [Figs. 5(d1) and 5(d2)](#f5){ref-type="fig"} that plot \|*β*\| and \|*ρ* + *τ*\| as functions of gap width *w*. The increase of \|*ρ* + *τ*\| with the decrease of gap width is due to the lower energy loss for the elastic transmission and reflection of the SPP \[sketched in [Fig. 1(d)](#f1){ref-type="fig"}\] at the nano-gap[@b51]. The increase of \|*β*\| with the decrease of the gap width is related to the increase of the coupled field \[defined in [Fig. 1(d)](#f1){ref-type="fig"}\] via the reciprocity relationship[@b53]. Note that the reflection coefficient *r* of the SPP at the antenna end is independent of the gap width (*r* = −0.5707 − 0.6747*i* for *λ* = 1 μm and *D* = 40nm). As shown by [Fig. 5(d3)](#f5){ref-type="fig"} \[also see the horizontal dotted lines in [Figs. 5(a)--5(c)](#f5){ref-type="fig"}\], Γ~total,∞~ and Γ~rad,∞~ that exclude the contribution from surface waves increase monotonically with the decrease of the gap width.

Residual waves on the antenna
=============================

The previous results show that for dipole antennas with short arms that support lower orders of resonance, surface waves other than SPPs have distinct contributions to the radiation of the antenna. While for dipole antennas with long arms that support higher orders of resonance, the SPP contributes dominantly to the antenna radiation. To see this directly, we show the residual field other than SPPs on the antenna at resonance. For instance, on the right arm of the dipole antenna, the SPP field is expressed aswhere and represent the electromagnetic field of two counter-propagating SPPs, and *c*^+^ and *c*^−^ are the corresponding complex coefficients that can be obtained with the fully-vectoral a-FMM[@b38] \[see [Supplementary Information](#s1){ref-type="supplementary-material"} for some details of the calculation\]. The residual field is then obtained by removing the SPP field from the total field on the antenna. [Figures 6(a)--6(c)](#f6){ref-type="fig"} show the SPP field and the residual field at the surface of antenna arms, which are obtained at the first three orders of resonance \[*m* = 0, 1, 2 in [Eq. (9)](#m9){ref-type="disp-formula"}, corresponding to arm lengths *L* = 0.206 μm, 0.540 μm and 0.880 μm for *λ* = 1 μm\]. It is seen that at the first order of resonance (*m* = 0), the residual field is comparable with the SPP field. Whereas, at higher orders of resonance (*m* = 1, 2), the residual field is weak relative to the SPP field. This observation is consistent with the conclusion derived from the SPP model. The residual field on the antenna arms is the analog of the quasi-cylindrical wave (QCW) on flat metallic surface[@b54][@b55][@b56]. The QCW has been shown decaying much faster than the SPP mode with the increase of the propagation distance[@b56], and thus imposing less contribution to the multiple scattering of indentation ensembles with larger separation distances on flat metallic surface[@b57]. Although preliminary experimental work has been performed on the excitation and propagation properties of the residual field on the antenna[@b42], further work is required to fully explore the nature of the field.

Conclusion
==========

We investigate the emission of an electric dipole source in the nano-gap of a metallic dipole antenna. Comparison between antennas with finite- and infinite-length arms shows that the enhancement of the antenna radiation is due to the resonance of surface waves that propagate on the antenna. To distinguish the respective contributions from the SPP and from other surface waves on the antenna to the radiation, we build up a pure-SPP model in which only the SPP is considered and all other surface waves are neglected. The model is derived by considering an intuitive picture for the dynamical launching and multiple-scattering process of SPPs on the dipole antenna. The SPP model can comprehensively reproduce the electromagnetic features of the antenna radiation (such as the total and radiative emission rates and the far-field radiation pattern). The model is self-sufficient and does not rely on any fitting process with the use of rigorous numerical or experimental data. Comparisons between the prediction of the SPP model and fully-vectorial numerical results show that for dipole antennas with long arms that support higher orders of resonance, the SPP model is highly accurate which yields the dominant role played by the SPP in the antenna radiation. Whereas, for dipole antennas with short arms that support lower orders of resonance, the SPP model exhibits distinct deviations, showing that surface waves other than SPPs have considerable contributions to the antenna radiation. This conclusion is further confirmed by a direct observation that the residual field other than SPPs on the antenna is less pronounced for antennas with longer arms. From the model we can derive a phase-matching condition that predicts the resonance of the antenna, which is related to a constructive interference of the multiple-scattered SPPs. The emission rate increases rapidly with the decrease of the width of the nano-gap, which is shown with the model due to the stronger resonance of SPPs, the higher SPP excitation efficiency and the stronger gap-only effect for antennas with infinite-length arms. At longer wavelengths, the emission rates at resonance attenuate slower with the increase of the antenna length, which is attributed to the lower SPP propagation loss with the model. The present model is helpful for clarifying the underlying physics of the radiation of resonant optical antennas and may provide recipes for an intuitive design of relevant devices. The present analysis may be extended to other forms of optical antennas, for instance, single-wire antennas[@b7][@b18][@b19], split ring antennas[@b58][@b59] and antenna arrays[@b8][@b10]. Similar analysis is possible for the reciprocal phenomenon of the electromagnetic field enhancement with optical antennas under far-field illuminations[@b1][@b2][@b3][@b4].
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![(a) Sketch of the dipole antenna. The antenna is composed of two arms of gold nano-wires separated by a nano-gap, and is illuminated by a *z*-polarized dipole source in the nano-gap. *a*~1~, *a*~2~, *b*~1~, *b*~2~ are the unknown coefficients of SPPs to be solved with the SPP model. (b) Distribution of the electric-field amplitude of the fundamental SPP mode on the *x*--*y* cross section (obtained for *D* = 40nm and *λ* = 1μm). (c)--(e) Scattering coefficients, *β*, *ρ*, *τ*, *r*, and fields, **E**~source~, , and that appear in the equations of the model. (1 column)](srep08456-f1){#f1}

![Total (Γ~total~ in the left column) and radiative (Γ~rad~ in the right column) emission rates of the dipole antenna plotted as functions of antenna length *L*.\
Γ~total~ and Γ~rad~ are normalized by the emission rate Γ~air~ of a dipole source in air. The horizontal dotted lines show the results for antennas with infinite-length arms (*L*→∞). The results are obtained for wavelengths *λ* = 0.7 μm (a1)--(a2), 1 μm (b1)--(b2) and 3 μm (c1)--(c2), respectively. Other parameters are *D* = 0.04 μm and *w* = 0.03 μm. The complex effective index of the SPP mode is *n*~eff~ = 2.3691 + 0.1066*i*, 1.4824 + 0.0352*i*, 1.0819 + 0.0108*i* for *λ* = 0.7 μm, 1 μm, 3 μm, respectively. (1.5 column)](srep08456-f2){#f2}

![Near-field distribution (\|*E~x~*\|^2^ + \|*E~y~*\|^2^ + \|*E~z~*\|^2^ in SI unit) on the cross section *x* = 0 of the antenna.\
(a)--(c) show the results at the first three orders of resonance (*m* = 0, 1, 2), corresponding to antenna lengths *L* = 0.206 μm, 0.540 μm and 0.880 μm, respectively. The results are obtained for *λ* = 1 μm, *D* = 40nm and *w* = 30nm. (1 column)](srep08456-f3){#f3}

![Far-field radiation pattern of the dipole antenna.\
The results are obtained at the first three orders of resonance, *m* = 0, 1, 2 for (a)--(c). The left column shows the angular distribution of the emitted power obtained with the fully-vectorial a-FMM (red circles) and the SPP model (black-solid curves). The middle and right columns show the modulus of the Poynting vector (in SI unit) on *x* = 0 plane obtained with the a-FMM and the SPP model, respectively. The antenna geometrical parameters are the same as those in [Fig. 3](#f3){ref-type="fig"}. (1.5 column)](srep08456-f4){#f4}

![Impact of the nano-gap width *w* on the total and radiative emission rates of dipole antennas.\
(a)--(c) Γ~total~ and Γ~rad~ plotted as functions of antenna length *L* for *w* = 1, 5 and 10nm, respectively. The results are obtained with the fully-vectorial a-FMM (blue circles) and the SPP model (black-solid curves). The horizontal dotted lines show the results (Γ~total,∞~ and Γ~rad,∞~) for antennas with infinite-length arms (*L*→∞). (d1)--(d3) \|*β*\|, \|*ρ* + *τ*\|, Γ~total,∞~ and Γ~rad,∞~ plotted as functions of the gap width *w*. (1.5 column)](srep08456-f5){#f5}

![Tangential electric-field component (\|*E~z~*\| in SI unit) of the SPP and the residual field on the antenna surface (obtained at *x* = *D*/2, *y* = 0).\
(a)--(c) show the results at the first three orders of resonance (*m* = 0, 1, 2), corresponding to antenna lengths *L* = 0.206 μm, 0.540 μm and 0.880 μm for *λ* = 1 μm, respectively. The antenna geometrical parameters are the same as those in [Fig. 3](#f3){ref-type="fig"}. (1 column).](srep08456-f6){#f6}
